Abstract. We study groups having invariant metrics of curvature bounded below in the sense of Alexandrov. Such groups are a generalization of Lie groups with invariant Riemannian metrics, but form a much larger class. We prove that every locally compact, arcwise connected, first countable group has such a metric. These groups may not be (even infinite dimensional) manifolds. We show a number of relationships between the algebraic and geometric structures of groups equipped with such metrics. Many results do not require local compactness.
Introduction and Main Results
The traditional notion of infinite dimensional manifold excludes, among other things, all locally compact spaces. This exclusion means that Hilbert's Fifth Problem (Sophus Lie's theory of transformation groups without differentiability assumptions) must, for infinite dimensional groups, be interpreted differently from the way it was for finite dimensional groups. Instead of finding suitable differentiable coordinates for a group, we have to take the problem in a more general sense, for example by seeking invariant geometries associated with groups, which can be used to understand their algebraic structure. In this paper we approach the problem by extending the notion of invariant Riemannian metric on a Lie group to a reasonable class of infinite dimesional groups. Roughly speaking, the "weakly convex" metric we define has curvature bounded below and local convexity on finite dimensional "slices." We believe that groups with invariant weakly convex metrics are a suitable generalization of Lie groups with invariant Riemannian metrics for several reasons. First, every first countable, arcwise connected, locally compact group has such a metric (Theorem 1.1). Second, there is some useful interplay between the geometric and algebraic structures on such groups. In the process of proving Theorem 1.1 we use purely metric arguments to obtain a number of results in this direction, usually assuming neither local compactness nor weak convexity. For example, we show that for bi-invariant metrics, any lower curvature bound implies non-negative curvature, geodesic completeness always holds, and positive cut radius implies that geodesics and 1-parameter subgroups coincide (Section 4). We also obtain various results extending the orthogonal splitting of the tangent space induced from the quotient of a Lie group by a closed subgroup (Section 2). We believe the potential for such results is far from exhausted.
A third reason we believe our metrics are appropriate is that a finite dimensional group equipped with a weakly convex metric is isometric to a Lie group with invariant Riemannian metric. This follows from either [4] or [19] , [20] . It is also true that a weakly convex metric on any finite dimensional topological space forces it to be a smooth manifold (see below).
All spaces in this paper are Hausdorff and connected; unless otherwise stated, metric spaces are assumed complete, and rectifiable curves are parameterized proportional to arclength. "Dimension" refers to covering dimension. For first countable groups, local connectedness, local arcwise connectedness, and arcwise connectedness are equivalent (cf. [22] ).
In the next four paragraphs we will state some basic definitions, classical results, and some recent results about metric spaces of curvature bounded below, an area initiated by A. D. Alexandrov in the 1940's. Good references for the basics of Alexandrov's theory are [24] , [2] , [17] , [7] ; basic theory for spaces which are not locally compact, including an extension of the Hopf-Rinow Theorem, may be found in [21] ; good references for metric Riemannian geometry are [6] and [11] .
A metric space (X, d) is called an inner metric space (also length or intrinsic metric space) if for any two points x, y ∈ X, d(x, y) is the infimum of the lengths of curves joining x and y. The length L(c) of a curve c is measured in the usual way, by summing distances over finer and finer partitions of c. In locally compact spaces, a theorem of Cohn-Vossen ( [8] ) states that there is always a minimal curve joining each pair of points, whose length realizes the distance between them. A geodesic γ is a locally minimizing curve; i.e. every point on γ lies in the interior of a segment σ of γ which is minimal between its endpoints. For any number k, an inner metric space X has curvature ≥ k if every quadruple in X isometrically embeds in S 2 l for some l ≥ k. Here S 2 l denotes the simply connected, 2 dimensional space form of curvature l: a sphere for l > 0, the plane for l = 0, and a hyperbolic space for l < 0. This definition is due to Wald and Berestovskii ([3] ), and is equivalent to Alexandrov's in the locally compact case. Curvature bounded below is a generalization of the notion of sectional curvature bounded below in a Riemannian manifold M (cf. [6] ). Here we consider M as a metric space with the metric induced by measuring lengths of curves using the Riemannian metric. Piecewise differentiable curves may be equivalently measured using either the Riemannian metric or this induced metric (distance); therefore the induced metric is inner. The Riemannian and metric notions of geodesic are also equivalent in this setting.
For the rest of this discussion we will suppose that X is an inner metric space of curvature bounded below. The angle α(γ 1 , γ 2 ) between any two geodesics γ 1 , γ 2 starting at a common point p in X is measured using the Euclidean cosine law: if α t = cos
) then the curvature bound implies lim t→0 α t exists, and we define this limit to be α(γ 1 , γ 2 ). An important property of angles in X is the usual Euclidean property that the sum of complementary angles is π. We will use Alexandrov's triangle comparisons in this paper: any triangle T in X whose sides are formed by minimal curves has the property that the three angles of T are not smaller than the corresponding angles in a triangle T of the same side lengths in S 2 k . Roughly speaking, triangles are always "fatter" in X than in S 2 k ; equivalently, geodesics starting at a common point diverge more slowly in X than License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use in S 2 k . An immediate consequence of these comparisons is that two geodesics which coincide on an open interval are identical (up to reparameterization) wherever both are defined. Given any point p ∈ X, a geodesic direction at p is an equivalence class of geodesics, where two geodesics are equivalent if they coincide on an open interval. Equivalently, a geodesic direction is a unit (arclength parameterized) geodesic of maximal domain of definition. X is geodesically complete if the maximal domain of definition of every geodesic is R. For any p ∈ X, S p denotes the space of geodesic directions, which is given the angle metric; the space of directions, S p , is the metric completion of S p . The tangent cone and completed tangent cones, which are the metric cones on S p and S p , respectively, are denoted by T p and T p (cf. [17] ). If X is geodesically complete, T p is a Hilbert space ( [17] ), the cone on its unit sphere S p . Recall that the Hopf-Rinow Theorem states that a complete Riemannian manifold is always geodesically complete, and every direction is a geodesic direction; in this case T p = T p can be identified with the usual tangent space of the underlying smooth manifold; the angle (and distance) are also induced by the Riemannian metric.
The exponential map exp p : T p → X carries radial lines from the cone point (0) to the corresponding geodesics in X. In a Riemannian manifold this notion of exp p coincides with the usual one. Recall that for a Lie group with invariant Riemannian metric, there is also an algebraic exponential map which carries radial lines onto 1-parameter subgroups. For infinite dimensional groups (cf. [14] ) the difference between these maps is much greater (even their domains are different); this situation is investigated further in a paper presently in preparation by the author, V.N. Berestovskii, and C. Stallmann.
The cut radius map (cf. [17] ) c p : S p → R assigns to each direction the maximal length for which the corresponding geodesic (if there is one) is minimal; if there is no corresponding geodesic, the cut radius is 0. Note that S p is by definition the subset of S p on which c p is positive. The cut radius map is semi-continuous but (if the space is not Riemannian) not necessarily continuous (cf. [17] ). Two Euclidean disks glued together along their boundaries is a simple example ( [1] ) of a geodesically complete space of curvature ≥ 0 which is not Riemannian.
Any Banach space has an induced inner metric, but the metric generally does not have curvature bounded below (unless the norm comes from an inner product, in which case it is immediate from the definition that the curvature is non-negative). In general, curvature bounded below is a very strong condition, which often has powerful geometric and topological consequences. 
Definition 1.2.
A metric on a space X is said to be weakly convex if it is a geodesically complete inner metric of curvature ≥ k (for some k) and for each p ∈ X, there is a vector subspace W p of T p such that 1) c p | Sp∩Wp is weakly positive, and 2) for every γ ∈ S p there exist Note that arcwise connectedness and first countability are necessary conditions for the existence of any inner metric on G. Infinite dimensional locally compact spaces with weakly invariant metric cannot have positive cut radius, since then they would be locally homeomorphic (via exp e ) to an infinite dimensional Hilbert space (and these are never locally compact). In particular, these spaces cannot have an upper curvature bound in the usual sense.
For the meaning of "tangent" see Definition 2.3. There are non-rectifiable 1-parameter subgroups in every such metric on an infinite dimensional locally compact group (see Corollary 5.3 and subsequent comment). Note that even in the compact case, rectifiable 1-parameter subgroups need not be geodesics, because in infinite dimensions the cut radius is not positive, so there are always directions which are not geodesic directions.
Since we will only be treating spaces having a lower curvature bound, we will often refer to a metric of the type described in Theorem 1.1 (invariant or otherwise) as simply a "weakly convex" metric. We denote the identity element of a group G by e. When G has an invariant metric, we will often use implicitly the fact that G is homogeneous; i.e. has a transitive group of isometries, namely the left translations L a (x) = ax. This allows us to prove local metric conditions only near e. When we specify a geodesic γ through e, it will be understood that γ is unit and γ(0) = e.
A number of the properties of the metric given by Theorem 1.1 are true for more general metrics. In the next theorems we collect some of these results, which are proved in this paper: ∞ by taking the usual metric on each copy of S 1 but letting the diameter of the i th copy be 2 −i . We then take the product metric with more and more factors. Each finite product is naturally embedded in its successor; passing to the limit we obtain a bi-invariant inner metric on T ∞ . Although it is not a manifold, T ∞ , metrized this way, "ought" to be a flat Riemannian manifold. Any triangle of strictly minimal curves (uniquely joining their endpoints) embeds isometrically in the plane, i.e. the "sectional curvature" is 0. However, there is no neighborhood in which all minimal curves are unique between their endpoints. Thus, although there is a lower curvature bound of 0 in Alexandrov's sense, there is no upper curvature bound. On the other hand, the lower curvature bound gives us a "tangent space" which is a separable Hilbert space, and an exponential map defined on this Hilbert space. From the standpoint of Riemannian geometry, this exponential map is about as reasonable as one could expect in this generalitynamely, it is injective (and surjective onto a dense subset) when restricted to a relatively compact, locally convex (but non-open) subset of a non-complete infinite dimensional inner product space. This exponential map differs from the algebraic one ( [14] ) and in particular does not "cover" non-rectifiable 1-parameter subgroups.
Quotients
Definition 2.1. Let (X, d) be a complete metric space and G be a group of isometries of X whose orbits are all closed. The orbit space X/G is given the induced met-
In this paragraph we recall some of the basic results of Berestovskii ([4] ) on orbit spaces of inner metric spaces. If X is an inner metric space then X/G is also an inner metric space. Roughly speaking, an "almost" midpoint for orbits Gx 1 and Gx 2 is the orbit of a point x 3 which is almost a midpoint between points almost realizing the distance between Gx 1 and Gx 2 . Such "almost" midpoints can be used to construct "almost" minimal curves between Gx 1 and Gx 2 (cf. also [24] , [10] , [17] ). If x 3 is a midpoint between x 1 and x 2 then Gx 3 is a midpoint between Gx 1 and Gx 2 .
Definition 2.2.
A metric space X is finitely compact if closed bounded subsets of X are compact.
If X is an inner metric space, finite compactness and local compactness is equivalent ( [8] ). If the orbits of G are finitely compact in the induced metric, then the distance between orbits is always realized as the distance between two points. In this case, a curve γ is minimal from Gx 1 to Gx 2 if and only if γ = p(Γ), where Γ is minimal from
We will call Γ a lift of γ; p | Γ is an isometry. By translating with an isometry we can assume the lift starts at any point in Gx 1 . If X has curvature ≥ k then it is immediate from the curvature definition that X/G also has curvature ≥ k. In this case, given minimal curves γ 1 , γ 2 in X/G starting at a single point and lifts Γ 1 , Γ 2 starting at a single point, it is immediate from the definition of the angle and the fact that
. We note here that it is easy to verify that the quotient metric coincides with the induced Riemannian metric in case p is a Riemannian submersion ( [16] ). We say that a geodesic is extendable past a point if it can be extended as a geodesic beyond the point.
From now on we will assume that X is an inner metric space and G is a group of isometries of X with finitely compact orbits. The latter assumption is automatic if X is locally compact and the orbits of G are closed.
Proof. Let γ 3 be minimal starting at p(x) such that α(γ 1 , γ 3 ) = π and let Γ 3 be a lift of γ 3 
Corollary 2.2. If γ is minimal in X/G and extendable past p(x)
, then γ has a unique lift at x. Definition 2.3. Let X be a space of curvature ≥ k, P be a connected subset of X, and p ∈ P. We say that γ ∈ S p is tangent to P if there exist p i ∈ P with p i → p and γ i minimal from p to p i such that lim i→∞ α(γ, γ i ) = 0. We say that a curve
where γ t is any minimal curve from p to c(t).
We let H x denote the metric completion of the subset of T x whose elements are scalar multiples of lifts of minimal curves in X/G. If p(x) is not a geodesic terminal (i.e. every geodesic can be extended through it), H x is isometric, via the linear, lift-induced map, to the Hilbert space
Note that the geodesic directions are dense in S p(x) , and so also in S(H x ).
Lemma 2.3. If X/G is geodesically complete then if γ is tangent to
Proof. Suppose we have g i → e and minimal curves γ i from x to g i x such that lim α(γ i , γ) = 0. It suffices to prove that for any
Since the geodesic directions are dense in S(H x ) we can assume that β is in fact a minimal geodesic. Since G/X is geodesically complete we can find another geodesic β such that α(β, β ) = π; we also assume β and β are minimal. If p is the
Recall that a space of curvature ≥ k is called almost Riemannian ( [17] ) if it is geodesically complete and finite dimensional. One of the important properties of an 
Proposition 2.4. If X is geodesically complete and X/G is almost Riemannian then γ is tangent to Gx if and only if γ ∈ S(V x ).
In other words, the tangent space splits orthogonally into "tangent" and "lifted" components.
Proof. By the above lemma we need to show that if γ ∈ S(V x ) then γ is tangent to Gx. Choose geodesic directions β i such that α(β i , γ) → 0 and positive
. Choosing a subsequence, if necessary (S p is compact), we can assume {ζ i } is Cauchy. We will obtain a contradiction by showing that for any unit geodesic η at p(x), lim sup
To complete the proof of the proposition, suppose that
}. Then the triangle inequality implies that
Remark 2.1. The above results are valid when replacing "extendable" by "almost extendable" ( [21] ). For example, in this way it is possible to find "good" orbits at which lifts are angle preserving, by taking orbits whose tangent space in the quotient is Euclidean. However, we will not use these facts in this paper.
Products
To prove our main theorem we need to consider products of countably infinitely many factors. The key to understanding countable products is to regard elements in any tangent cone of a factor not as unit parameterized geodesics of various lengths (which is the interpretation suggested by the exponential map), but as constantmultiple reparameterizations of the corresponding unit geodesics.
If (X, d 1 ) and (Y, d 2 ) are inner metric spaces, the product of X and Y is the space
It is not hard to verify that d 1 × d 2 is an inner metric. Minimal curves in X × Y are precisely curves of the form (γ(t), α(t)) where γ and α are minimal or constant in X and Y , respectively, and
When no confusion will result, we denote the metric on the factors and the product all by d.
β non-constant, then the triangle made by the curves (γ, β), (γ, y), and (w, β) embeds isometrically in the plane. In particular, the angle α((γ, β), (γ, y)) between the geodesic and its projection onto X × y exists and is equal to
Since (γ, β) is proportional to arclength, this equation can be rewritten as
i.e. representatives of the triple ((x, y); (γ(t), y), (γ(t), β(t))) in the plane are vertices of triangles similar to the right triangle having legs of lengths L(γ) and L(β). In other words, for all t, the representative angles are the same, namely, tan
. If γ is a unit geodesic in X, we denote by kγ the curve defined by kγ(t) = γ(kt). If β is a unit geodesic in Y , we denote by kγ + mβ the curve (kγ, mβ) in X × Y , which is either a constant map (k = m = 0) or a geodesic; by Lemma 3.1, kγ + mβ is a unit geodesic if and only if k 2 + m 2 = 1. When we use this notation it will always be assumed that γ and β are unit parameterized and m, k ≥ 0. Every unit geodesic (c 1 , c 2 ) in X × Y can be written in this form (if one factor, say c 1 , is constant, we pick a geodesic γ 1 in X arbitrarily and let the coefficient be 0). The expression of a unit geodesic in the form kγ + mβ is unique if one ignores terms with 0 as coefficient. In what follows, k i = 0, we define c pi (γ)/k i to be ∞. (Recall that c p denotes the cut radius at p, cf. Section 1). If X and Y are Riemannian manifolds, d 1 ×d 2 coincides with the distance induced by the usual product Riemannian metric on X × Y . From this last fact it follows that if X and Y are inner metric spaces of curvature ≥ k and ≥ k , respectively, then any four points in X × Y can be isometrically embedded in S k × S k . By the definition of bounded curvature this means that X ×Y has curvature ≥ min{0, k, k } (cf. also [7] ). In a similar way, we see that angles in X × Y are measured in the same way as angles in a product of Riemannian manifolds. In other words:
Lemma 3.2. For any
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Proposition 3.4. For any
If, say, m 1 = k 1 = 0 then γ and β lie in a single Y slice, and the proof is immediate from our choice of δ. The other cases are essentially the same.
Since S p is by definition the space of equivalence classes of Cauchy sequences in S p , we immediately have the following corollaries of Lemma 3.3 and Proposition 3.4. Note that we identify k 1 γ 1 + k 2 γ 2 with k 1 γ 1 + k 2 γ 2 if k 1 = k 1 = 0, and let −kγ(t) = γ(−kt) whenever this makes sense (i.e. γ extends past γ(0)). To avoid technicalities later, if k i = 0, we will always assume that γ i is a geodesic direction (we can, of course, always choose it this way). 
The above constructions are easily extended to any finite number of factors by simple inductive arguments; the details are left to the reader. We only verify the following:
Proof. The case k = 2 is Lemma 3.2; we proceed by induction. Suppose the lemma holds for k − 1 > 1. If any k i = 0 we can eliminate a factor and apply the induction hypothesis, so we suppose that k i > 0 for all i. By re-indexing the product, if necessary, we can suppose that
and the proof is complete by Lemma 3.2. , y 2 
The topology induced by this metric is equivalent to the usual product topology, and so X is a compact inner metric space if each X i is compact. Also, it is immediate from the definition that for any j, X is isometric to When Y is metrically embedded in X, every minimal curve between points x, y ∈ Y is also a minimal curve in X. Consequently, if X has curvature ≥ k then so does Y , and the angle between minimal curves γ and β in Y (if it exists) is the same as the angle in X. In other words, for any point p ∈ Y , the inclusion of S p Y in S p X is an isometry, and S p Y is a metrically embedded subset of S p X if both are inner metric spaces.
It is immediate from the definition of the product metric that each X i is metrically embedded in X. If each X i has curvature ≥ k then X has curvature ≥ min{0, k}, since we have expressed it above as a Gromov-Hausdorff limit. If  (c 1 , c 2 = (x 1 , ... 
If y i were not a midpoint for some i then the second (triangle) inequality would be a strict inequality, a contradiction.
Proposition 3.8. Let c i be a unit parameterized curve in
X i . Then for k i ≥ 0, a curve c(t) = (c 1 (k 1 t), c 2 (k 2 t), ...) in X = ∞ i=1
X i is rectifiable if and only if
∞ i=1 k 2 i < ∞ (
and c is unit parameterized if and only if
∞ i=1 k 2 i = 1).
Proof. It suffices to assume c is defined on a fixed closed interval [a, b]. For any s < t, d(c(s), c(t))
2 = ∞ i=1 d(c i (k i s), c i (k i t)) 2 ≤ ∞ i=1 | k i t − k i s | 2 = ∞ i=1 k 2 i | t − s | 2 . If ∞ i=1 k 2 i = K 2 < ∞ then
we have that d(c(s), c(t)) ≤ K(t − s); i.e. c is rectifiable and L(c |
[a,b] ) ≤ K(b − a). Now for any > 0 we can find M such that ∞ i=M k 2 i (b − a) 2 < . Choose a partition a = s 1 < ... < s k = b such that for all i < M, k 2 i (b − a) 2 − k−1 j=1 d(c i (k i s j ), c i (k i s j+1 )) 2 < /M. Then L(c) 2 ≥( k−1 j=1 d(c(s j ), c(s j+1 ))) 2 ≥ k−1 j=1 ∞ i=1 d(c i (s j ), c i (s j+1 )) 2 ≥ k−1 j=1 M i=1 d(c i (k i s j ), c i (k i s j+1 )) 2 > M i=1 k 2 i (b − a) 2 − > K 2 (b − a) 2 − 2 .
In other words, L(c) = K(b − a), and c is unit parameterized if and only if
Corollary 3.9. Every unit parameterized geodesic in
where each γ i is a unit geodesic in X i , k i ≥ 0, and
As in the case of finitely many factors, when we use the notation
will always be assumed that k i ≥ 0 and γ i is unit. From now on we assume that
X i and that each X i has curvature ≥ k. In general, continuity of the angle fails with Gromov-Hausdorff limits: the angle of the limit of curves can be strictly smaller than the limit of the angles. In the present case, however, this does not occur. For the purposes of the next proposition, we take the angle between any geodesic and a constant map to be 0. Proof. The sequence is increasing by Lemma 3.3. Since we are only interested in the angle, we can assume that both γ and β are minimal and have the same length L > 0. For any i, split X as the product 
tends to L as i becomes large. In other words, both α(γ i , γ) and α(β i , β) tend to 0 as i becomes large.
We wish to extend Corollary 3.9 to any direction in X. Since directions may not be uniquely associated with curves, our statement is neccessarily about limits.
What we are essentially doing, however, is identifying S p with { 
Proof. Every unit geodesic γ in X is uniquely represented in the form γ =
with non-negative coefficients square summable to 1. By the semicontinuity of the cut radius map,
On the other hand, writing
we see that
If γ is not a geodesic direction (i.e. c p (γ) = 0), choose β j ∈ S p such that
k ij β ij . By Lemma 3.3 and Proposition 3.4, for fixed k the k i γ i and verified the cut radius formula. Our choice of β j was arbitrary and we proved convergence without taking a subsequence. From this it follows that the sum
where the coefficients
The converse statement is an immediate consequence of Lemma 3.3.
If Y is a geodesically complete space of curvature bounded below then the inner product induced on the tangent space is completely determined by angles and lengths of curves; hence we have:
Corollary 3.12. If each X i is geodesically complete, then for any p ∈ X, T p is identified with the Hilbert space of formal sums
∞ i=1 k i γ i , where each γ i is unit minimal in X i , ∞ i=1 k 2 i < ∞,
and the inner product is given by
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Proposition 3.13. If each X i has positive cut radius, then X is weakly convex and
Proof. For any p ∈ X, let W k be the subspace of T p consisting of all geodesics
w k satisfies the requirements of Definition 1.2 follows easily from Proposition 3.11. Since each X i has positive cut radius, each γ i is a bona fide geodesic, so c is in fact a curve.
We need to show that c is tangent to γ. Suppose that
In other words, by Lemma 3.1, for k fixed and small t, α(β k t , β t ) is uniformly small. For any > 0 there exists a k such that α(γ k , γ) < , so there exists a t > 0 such that α(β k t , γ) < and hence α(β t , γ) < .
Bi-invariant Inner Metrics
The Gleason-Iwasawa-Yamabe theory of locally compact groups (cf. [9] ) implies that a connected locally compact group splits locally as a product between a Lie group and a compact group. This theorem essentially reduces our results on locally compact groups to results on compact groups. For compact groups it is important to consider metrics which are bi-invariant; such metrics are also very interesting in their own right.
Lemma 4.1. A metric on a group G is bi-invariant if and only if it is invariant and the inverse map
a → a −1 is an isometry. Proof. If G has a bi-invariant metric then d(a, b) = d(e, a −1 b) = d(b −1 , a −1 ).
Conversely, if the metric is invariant and the inverse is an isometry, d(ab, cb)
= d(b −1 a −1 , b −1 c −1 ) = d(a −1 , c −1 ) = d(a, c).
Proposition 4.2. If G is a group with a bi-invariant inner metric of curvature bounded below then every geodesic γ through e is a homomorphism (i.e. the image of the curve is a 1-parameter subgroup).
Proof. Assume γ is unit parameterized. We will show first that γ(−t) = γ(t) −1 . Since the inverse mapping is an isometry, the curve γ(t) −1 is a geodesic. Consider the geodesic β s (t) = γ(s) −1 γ(t) for fixed s, which has the property that β s (s) = e and β s (0) = γ(s) −1 . As s → 0, β s uniformly converges to γ; since γ is extended through e, this means that α(γ, β s ) → 0. But then the representative angle α k (e; γ(−s), γ(s) −1 ), which is smaller than α(γ, β s ), also tends to 0.
Then by definition, α(γ −1 , −γ) = 0, and so the two geodesics coincide. Now let s be small enough that ζ s = γ | [−s,s] is the unique minimal curve between its endpoints. Then the isometry L γ(s) takes ζ s to a unit minimal curve of length 2s starting at e and passing through γ(s); therefore γ(s)ζ s coincides with the segment of γ from e to γ(2s). Since unit geodesics are uniquely determined by any segment (with interior), for any small enough s, γ is invariant under L γ(s) , and γ(s)γ(t) = γ(t+s). Let S > 0 be the supremum of all s such that γ(s)γ(t) = γ(t+s) for all t, and suppose S < ∞. Then γ(3S/2) = γ(3S/4)γ(3s/4), and for any t,
Remark 4.1. From now on, if γ is a geodesic through e, we will denote by −γ the geodesic defined by −γ(t) = γ(−t). For example, it is always true that α(γ, −β) = π − α(γ, β).
Corollary 4.3. A group with bi-invariant inner metric of curvature bounded below is geodesically complete.
Proof. We need to show that an arbitrary minimal curve γ starting at e can be extended as a geodesic through e. For any γ(t) in the interior of γ, β(s) = γ(t) −1 γ(s) is a minimal curve through e; hence β(s) extends to a 1-parameter subgroup. The left invariance of the metric implies that β restricted to a small interval about 0 is a minimal curve, call it σ(s). But then ψ(s) = γ(t)ψ(s) is the desired extension of γ.
Proposition 4.4. If G has a bi-invariant inner metric of curvature bounded below, then G has curvature ≥ 0.
Proof. Let γ and β be unit minimal curves starting at e of length L, M , respectively. Then for any
γ(s)β(t)) + d(γ(s)β(t), β(t)
2 ) = 2(γ(s), β(t)). In other words, G has curvature ≥ 0 in a "weak" (cf. [24] ) sense. Suppose α(γ, β) = A, fix > 0 and choose n large enough that
Letting go to 0 verifies Alexandrov's comparison condition, and proves the proposition.
We say that a space X with inner metric has positive cut radius if every point p ∈ X has a neighborhood in which every point is joined to p by a unique minimal curve. It is well-known that in a Lie group with bi-invariant Riemannian metric, geodesics through e and 1-parameter subgroups coincide (cf. [12] ). We have the following extension of this result: Proof. Let γ be a 1-parameter subgroup. Suppose that c t : [0, t] → G is minimal from e to γ(t). By Proposition 4.2 c extends to a 1-parameter subgroup which we call by the same name. Now c t/2 (t) = (c t/2 (t/2)) 2 = γ(t/2) 2 = γ(t) = c t (t). In other words, if c t/2 and c t are distinct then the cut radius of c t/2 is less than d(e, γ(t)), or twice its length. Since the cut radius of G is positive, for small enough t, all the curves c t/n must coincide with a single geodesic γ . But then γ and γ initially coincide on a dense set of points in their domain of definition, and, being both continuous, must coincide everywhere.
We remark that, under the assumptions of 4.5, G has a neighborhood U of e in which each point x lies on a unique segment of a 1-parameter subgroup in U from e to x. That is, U is (uniquely) "ruled" by 1-parameter subgroups. It is a classical (cf. [15] ) that a locally compact group having such a neighborhood must be a Lie group.
Let G be a group with invariant metric, H a normal subgroup which is finitely compact (Definition 2.2) with respect to the induced metric. If we identify H with the group of isometries of G consisting of the left translates of elements of H, then orbits of this action are precisely the cosets of the quotient group G/H.
Proposition 4.6. If G is locally compact and has bi-invariant inner metric of curvature ≥ 0 then G is weakly convex.
Proof. Since G has an inner metric, G is arcwise connected, and hence connected; this implies that G/G 0 is (trivially) compact. By the Gleason-Iwasaswa-Yamabe theory of locally compact groups, G is a projective limit of Lie groups. If G is finite dimensional, G is a Lie group with bi-invariant Riemannian metric, and we are finished. Suppose G is infinite dimensioinal. Since G is first countable, that means we can find a countable sequence of properly nested (cf. [9] ) normal subgroups G 1 ⊃ G 2 ⊃ · · · whose diameters tend to zero, such that K i = G/G i is a Lie group. By Lemma 2.1 the tangent space of K i lifts isomorphically to a subspace H i of T e , and c e has a positive lower bound on S(H i ) = S e ∩ H i (in fact c e is no smaller than the cut radius of
Then H e satisfies the requirements of Definition 1.2 except possibly condition 2). Now let γ ∈ S e be arbitrary. Assume first that c e (γ) = T > 0. Fix > 0. For each i, there exists γ i ∈ H i from e to the orbit
By letting → 0 and choosing a suitable diagonal subsequence we can choose the γ i such that lim inf{c e (γ i )} ≥ T . That lim c e (γ i ) = T now follows from the upper semicontinuity of the cut radius. In particular we have shown that H e is dense in T e and therefore in T e . Therefore, even if c e (γ) = 0, there exist γ i → γ, and c e (γ i ) → 0 again by the upper semicontinuity of c e .
Existence of Invariant Weakly Convex Metrics
Proof of Theorem 1.3. We first claim the following: For any > 0 there exists a δ > 0 such that for any s ≤ t with 0 < s < δ/4 and t < 3s, We next claim that for any > 0 there exists a δ > 0 such that for any s ≤ t with 0 < s < δ and t < 2s, if γ r denotes a minimal curve from e to γ(r) then α(γ s , γ t ) < . In fact, the above claim shows that for small enough s, α(γ −s , γ s ) and α(γ −s , γ s+t ) are both arbitrarily close to π. But then α(γ s , γ s+t ) must be arbitrarily close to 0. In particular, we have shown that a sequence of minimal curves γ i from e to γ(2 −i ) is Cauchy (in angle); hence it converges to some direction we will also call γ.
To complete the proof, consider positive t i → 0 and let β i be minimal curves from e to γ(t i ). We need to show that β i → γ. But for each i, there is some j such that 2 −j ≤ t i < 2 −j+1 , and by the second claim, α(β i , γ j+1 ) is arbitrarily small for large j. We remark here that we have used the existence of certain minimal curves to prove the proposition. This is not essential if we use the results of [21] . In the case of present interest, the local compactness provides the needed minimal curves.
In the above proof we found t i → 0 such that lim 
More generally it follows from the proof of Theorem 1.1 that non-rectifiable 1-parameter subgroups exist in any locally compact infinite dimensional group, with the weakly convex metrics we construct.
It is useful to see how this procedure fails with a group that is not arcwise connected. The solenoid, Σ, is obtained as the inverse limit of the sequence S 1 ← S 1 ← · · ·, where each connecting map is multiplication by two. The fiber in each case is two points. The only possible Riemannian submersions are local isometries, which forces the diameter of S 1 , and that of the fiber, to double in each step.
Proof of Theorem 1.1. We first assume that G is compact and show that G has a bi-invariant metric of non-negative curvature with the desired properties. Let H i be a sequence of compact nested normal subgroups of G such that G/H i is a Lie group and H i = e. Let K i be the identity component of H i ; K i is a normal subgroup of G. Then the natural mapping G/K i → G/H i has totally disconnected kernel, so G/K i has at most the same (finite) dimension as G/K i (cf. [13] ). Since G is arcwise connected, G/K i is also arcwise connected, and is therefore a Lie group (cf. [23] ). Note that the kernel of the natural map π (i+1)i :
where each S j is a compact simple Lie group and R j is a copy of the reals (cf. [12] ). We choose a bi-invariant Riemannian metric g 1 on G/K 1 of diameter smaller than 1/2, which lifts to a Riemannian metric g 1 on the universal cover of G/K 1 . We write the universal cover of G/K 2 as M 1 × M 2 where
On M 1 have the metric g 1 . On M 2 we choose a bi-invariant metric h 2 , and provide G/K 2 with the metric g 2 induced by g 2 = g 1 × k h 2 , where k is a constant to be determined as follows. Since the fibers of the submersion π 21 are the translates of the compact, connected, totally geodesic kernel of this quotient map, by choosing k small enough we can ensure that the fibers have diameter < 1 with respect to the induced inner (equivalently Riemannian) metric. Note that the projection π 21 is a Riemannian submersion for any choice of k; as pointed out in Section 2, the distance from the Riemannian metric on (G/K 1 , g 1 ) is identical to the quotient metric from Definition 2.1. Moreover, for each geodesic γ starting at a ∈ (G/K 1 , g 1 ) and b ∈ π −1 21 (a) there is a unique isometric ("horizontal") lift of γ to a geodesic Γ starting at b. We now consider the product
, with the product metric, and the "diagonal" subspace G 2 = {(π 21 (z), z)} = {π 1 (x), π 2 (x) : x ∈ G} ⊂ P 2 (which is a closed Lie subgroup of the product), with the induced inner metric (equivalently, the induced Riemannian metric). Suppose that (π 1 (x), π 2 (x)) and (π 1 (y), π 2 (y) are in G 2 and let γ 1 be minimal from π 1 π 1 (y) ). The unique horizontal lift Γ 1 of γ 1 at π 2 (x) is minimal of length L/2 (since we have scaled the metric) and ends at a point z in the fiber above π 1 (y). By our choice of k, we can find a geodesic β 1 in the fiber above π 1 (y) joining z to π 2 (y), with L(β) < 1/2. The concatenated curve γ 2 = Γ 1 * β 1 joins π 2 (x) and π 2 (y) with length We continue this procedure. Choose a Riemannian metric g 3 on G/K 3 so that the mapping π 32 is a Riemannian submersion having fibers of diameter smaller than 1. Let G 3 = {(π 1 (x), π 2 (x), π 3 (x)) :
If a = (π 1 (x), π 2 (x), π 3 (x)), b = (π 1 (y), π 2 (y), π 3 (y)) ∈ G 3 then we can lift the curve γ 2 constructed above to a piecewise geodesic σ in G/K 3 of length < L+1 4 , and concatenate with a geodesic lying entirely in the fiber above π 2 (y), which has length < (x) , ..., π i (x)), (π 1 (y), ..., π i (y)) ∈ G i by a curve γ i in G i whose projections γ j i onto G/K j are piecewise geodesics of length < (2 −j+1 )L+(j−1)2 −j+1 , 1 ≤ j ≤ i. Then L(γ i ) < 2L + 2, and the diameter of G i is smaller than 3. Note also that the diameter of (G/K n , g n ) is smaller than 2n−1 2 , so each factor (G/K n , 2 −n+1 g n ) has diameter smaller than (2n − 1)2 −n . Let P = (G/K 1 , g 1 ) × (G/K 2 , 1 2 g 2 ) × · · · with the product metric d. We define homomorphisms φ n , φ : G → P by φ n (g) = (π 1 (g), ..., π n (g), e, e, ...) and φ(g) = (π 1 (g), ...). Note that φ is a monomorphism, so we can algebraically identify G with its image in P . We will show that φ(G) has the desired metric. First, φ n (G) lies in the convex subgroup G/K 1 × · · · × G/K n , and (with the induced inner metric) is isometric to G n . That is, φ n (G) has curvature ≥ 0 and diameter < 3. Furthermore, d(φ n (g), φ(g)) < diam{(G/K n+1 , 2 −n+1 g n+1 ) × · · ·} → 0, so the Hausdorf distance from φ n (G) to φ(G) tends to 0. We will show that the induced (bi-invariant) inner metric on φ(G) has curvature ≥ 0. Let d n denote the induced inner metric in φ n (G) and d denote the induced inner metric in φ(G). Note that the lengths of curves in P is the same, whether measured in d, d n , or d . For any x = φ(a), y = φ(b) ∈ φ(G), choose x n , y n ∈ φ n (G) so that d(x n , x) → 0 and d(y n , y) → 0. Let γ n be minimal (in (φ n (G), d n )) from x n to y n defined on [0, 1]. Since the diameter of φ n (G) is < 3, so is the length of γ n . We can now apply Ascoli's Theorem to find a uniform limit γ in φ(G) of a subsequence {γ nj } of {γ n }. Now let Π be a partition of γ. Then we can approximate Π arbitrarily closely by partitions of γ nj (j large); i.e., the sum the distances given by Π is smaller than 3 − , > 0 arbitrarily small. In other words, the length L(γ) ≤ lim inf L(γ nj ) < 3; we see that the induced inner metric on φ(G) is finite, and has diameter < 3. We also have that d (x, y) ≤ lim inf d n (x n , y n ) whenever x n → x and y n → y. On the other hand, if γ = (γ 1 (t), γ 2 (t), ...) : [0, 1] → φ(G) is minimal, then the curve γ n = (γ 1 (t), ..., γ n (t), e, e, ...) is a shorter curve in φ n (G), and γ n (0) → γ(0), and γ n (1) → γ (1) . That is, if It is now an immediate consequence of the definition that, since each (φ n (G), d n ) has curvature ≥ 0, so does (φ(G), d ).
We next need to verify that the topology on φ(G) from the induced inner metric d , and the induced (subspace) topology on φ(G) coincide. We use the same notation as in the preceding paragraph. Since φ n (G) is totally geodesic, there exists a constant λ n > 0 such that if w, z ∈ φ n (G) and d(w, z) ≤ λ n , then d n (w, z) = d(w, z). Given > 0, note that if n is large enough, then the sum of the diameters of the factors (G/K i , 2 −i g i ), with i ≥ n is < /3; for any p = (p 1 , ...), q = (q 1 , ...) ∈ P , 0 ≤ d(p, q)−d n (p n , q n ) < /3. We can choose n also large enough that 2 −n+1 < /3.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use infimum of lengths of curves measured in this way, it follows that d is an invariant intrinsic metric locally isometric to the metric on H × G. Since the properties we need to verify are all local, the proof is complete.
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